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Analyt ica l  solut ions a r e  obtained to p r o b l e m s  concerning the t e m p e r a t u r e  field of heat  e m i t -  
ting rods  with skewed sect ional  hea t  genera t ion p ro f i l e s  and with an angular  dependence of the 
h e a t  t r a n s f e r  coeff icient .  

When cons ider ing  the heat  t r a n s f e r  at  rod  bundles in a turbulent  s t r e a m  of fluid (in the ducts of 
nuc lear  r e a c t o r s ,  for  instance) ,  one 6ften encounte rs  the p r o b l e m  of de te rmin ing  the effects  of a poss ib ly  
skewed heat  genera t ion  prof i le  along an individual heat  emi t t ing  e lement .  F u r t h e r m o r e ,  the rod  su r face  
may  also  be  subjected to nonuniform conditions of heat  t r a n s f e r  to the ambient  fluid (heat c a r r i e r ) ,  e spe -  
c ia l ly  when sur face  boiling occurs  around a p a r t  only of i ts  p e r i m e t e r .  

In o r d e r  to e s t ima te  the ef fec t  of a skewed heat  generat ion prof i le  and of zonal sur face  boiling, the 
author  cons ide rs  he re  each fac tor  s epa ra t e ly .  

1. Effect  of a Skewed Heat  Genera t ion  Prof i l e .  As an example ,  we will cons ider  a "plane" skew 
a c r o s s  the rod  section.  

With the d imens ion less  quant i t ies  

r 4LT (p, ~) kr o 
p =  , t(p, q~)= , B i - -  

r o q~r~ L 

where  k denotes  the coeff icient  of heat  t r a n s f e r  f r o m  the rod su r face  to the heat  c a r r i e r  and the t e m p e r a -  
lure of the l a t t e r  is taken as  the r e f e r e n c e ,  we now have the equation of heat  conduction wri t ten  in po la r  
coord ina tes  

O~t 1 Ot 1 O~t - 4(1 - -  ep cos q~) 
. . . .  -T p-T - -  ( 1 . 1 )  0p s ' p 0p 0~ ~ 

with the conditions 

Ot q- Bit [ 0, (1.2) 
0p ]~--x 

oOttp L=o = OcpOt I~=:= 0, (1.3) 

t (0, r =/= cr (1.4) 

Multiplying the or ig inal  equation (1.1) by cos p~0 and in tegra t ing  the r e su l t  f r o m  0 to 7r (a finite cosine 
t r ans fo rma t ion ) ,  with (1.3) taken into account,  we obtain for  the spec t rum of t e m p e r a t u r e  

0p(p) = i '~ t (p, (p) cos p~dcp, p = O, 1, 2 . . . .  
0 

the following equation: 
a~Op ~- 1 dO~ p~ [ - -4~,  p = O ,  

ap, if-" a T - -  p' p = 1, 
to, p = 2, 3; 4 . . . .   1.5) 
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C o n s i d e r i n g  tha t  the s o l u t i o n  i s  bounded  a t  the c e n t e r  of (1.4), we then f ind  tha t  

0o (0) = Co-- ~p~, ) 
m i 

J 0 v(p)=CvOp,  p = 2 ,  3, 4 . . . .  

The  s o l u t i o n  t ( o ,  ~o) i s  d e t e r m i n e d  in t e r m s  of the 0p(p)  s p e c t r u m  th rough  a s e r i e s  [1]: 

2 
' ~  0 v (p) cos p% t ( p , r  1 0 o ( p ) ~ _ _  
p=l  

I n s e r t i n g  e x p r e s s i o n  (1.7) in to  the b o u n d a r y  cond i t i on  (1.2), we f ind  the v a l u e s  of  the c o n s t a n t s  Cp: 

C o = ~ 1 + 

3 + m  
C z = - -  4he - -  

l + B i  ' ] 

C p - 0 ,  p = 2 ,  3, 4, . . .  

In th i s  way,  the  sough t  s o l u t i o n  w i l l  a p p e a r  a s  

( 2 )  ~ e ( 3 - - B i  
t(p, r  :+-~- _ o _ T  I + B i  

(1.6) 

(1.7) 

(1.8) 

93) 9 cos q~. (1.9) 

The  d i f f e r e n c e  b e t w e e n  m a x i m u m  and m i n i m u m  t h e r m a l  f lux  f r o m  the s u r f a c e  of a h e a t  e m i t t i n g  e l e -  
m e n t  (with the d i m e n s i o n l e s s  m e a n  t h e r m a l  f lux qs  = 2) w i l l  be  

Bi Aq max = q~• - -  qp~" = 2e - -  
I -r-Bi ' (1.10) 

while the difference between maximum and minimum surface temperature of a heat emitting element will 
be 

1 
'5t~ . . . .  tp " x -  t~ i" = 28 - -  (1.11) 

l + B i  

The  po in t  (0",  ~o*) of a h e a t  e m i t t i n g  e l e m e n t  which  i s  a t  the m a x i m u m  t e m p e r a t u r e  can  be  found by  a 
s i m u l t a n e o u s  s o l u t i o n  of e q u a t i o n s  Ot/80 = 0 and  0t/0~0 = 0, which  wi l l  y i e l d  i t s  c o o r d i n a t e s :  

2 , 3e" 3 + B i  - -  1 ~ - -  , 
9* =--~--g 1 -v- 4 1 + B i "  4 1 + B i  

The  e x p r e s s i o n  fo r  the m a x i m u m  t e m p e r a t u r e  t* w i l l  be  

t* -~  ,1 : -  ~ 128 k 1 ~=Bi ' (1.12) 

i . e . ,  a "p l ane"  skew of the  h e a t  s o u r c e  (with the h e a t  g e n e r a t i o n  p e r  un i t  r o d  length  m a i n t a i n e d )  l o w e r s  the 
m a x i m u m  t e m p e r a t u r e  of a h e a t  e m i t t i n g  e l e m e n t  by  the a m o u n t  a4/128((3 + B i ) / ( 1  + Bi))  3. 

F o r  a n u m e r i c a l  e v a l u a t i o n  of t h e s e  r e s u l t s ,  l e t  us  c o n s i d e r  a h e a t  e m i t t i n g  e l e m e n t  6 m m  in d i a m -  
e t e r  (r 0 = 3 ram)  with  a 5 = 0.3 m m  th i ck  s h e l l .  A s s u m i n g  the t h e r m a l  c o n d u c t i v i t y  of the r o d  m a t e r i a l  to 
b e  )t = 35 W / m  �9 ~ and tha t  of  the  s h e l l  m a t e r i a l  to be  X sh = 20 W / r e .  ~ wi th  a h e a t  t r a n s f e r  c o e f f i c i e n t  
a t  the wa l l  s u r f a c e  a m a x  - - m a x  - 

" = Aqs  / q s  A t  m a x  = 35,000 W / m  2 ~ and e = (qv - q v ) / q v  0.2, we ob t a in  Bi  ~ 2,00,  
0.133,  ~ 0.133, and  p* ~ 0.083.  

The  change  in the m a x i m u m  r o d  t e m p e r a t u r e  i s  n e g l i g i b l e  and  on ly  abou t  0.35 �9 10 -4. 

2. E f f e c t  of a N o n u n i f o r m  H e a t  T r a n s f e r  C o e f f i c i e n t  a r o u n d  the P e r i m e t e r  of a Hea t  E m i t t i n g  E l e -  
m e n t .  We wi l t  now c o n s i d e r  the B l o t  n u m b e r ,  which  c h a r a c t e r i z e s  the h e a t  t r a n s f e r  f r o m  a r o d  to the a m -  
b i e n t  m e d i u m ,  and i t s  a n g u l a r  v a r i a t i o n  in the f o r m  

B i ( q ~ ) = B i - -  ABi cos % (2.1) 
2 
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w h e r e  

Bi  = 1 
2 

(Bi~"x+ Bimi"), A Bi = Bitnax--Bi ram. 

In the case of a heat  emit t ing e lement  with a uni form c ros s  sect ion,  we have for  the t empera tu re  
spec t rum 0p(p) the following equation: 

d20p q. 1 dO, f {[4rc,  p = 0 ,  
"dp 2 p dp--'--- p" 0p = p = 1, 2, 3 . . . .  (2.2) 

Conditions (1.3) and (1.4) yield 

00 (p) = C0 - -  =P~, / 
0p(p) =-Cpp p, p ~ 1, 2, 3 . . . .  ! (2.3) 

Inser t ing the solution 
m 

1 Co ~ 9 2 -F 2 Z C ~ 9  p cos p([ (2.4) 
p ~ l  

into the boundary condition (1.2), with' (2.1) a lso taken into account,  we obtain the following sys tem of equa- 
tions for  the coeff icients  Cp (/3 = ABi/2): 

Bi Co__C ~= ~ ( ' Bi),  I y 2  

co-- -~-(] -F ii) G+c._= :~, 

G -- + (i + i~) c,+ c3= o, 

Cp_~ 2 ( p - - l )  C p _ l + C p = O  ' p = 4 ,  5, 6 . . . .  
(2.5) 

These e~uations for Cp, beginning with the fourth one, constitute a recurrent series and their solu- 
tion is a linear combination of cylindrical Bessel and Neumann functions of the p-th order: 

Cp = aJp ([J) q- bN p (~). 

Retaining only a finite number  of t e r m s  in the sum of s e r i e s  (2.4), and lett ing Cp = 0, we obtain an 
equation which re la tes  coeff icients  a and b: 

b Jp (~) 

a N~(~) 

With a sufficiently large  p = P one may use the "tangents approximation" for  functions Jp(~) and 
Np(/3). Lett ing p /~  = ch~,  we have [2] 

J ' (  c--~ ) ~ e x p ( p t h ~ - - P ~ ) [  + o ( + ) ] ,  

N P 

Thus,  for  large  values of P we have the asymptot ic  propor t ional i ty  

Jp (8___) 1 exp [2 (p th ~ - -  PI~)] "~ + exp (-- 2pin ) 
N~(~}) 2 

= ~ e x p  ~2pArch  P ~ -  exp ~ 2 p l n  = -  

% t'- / 

Consequently,  as p tends toward infinity, b /a  approaches  ze ro  fast~ The re fo re ,  

Cp (~) = aJp (~), p = 2, 3, 4 . . . .  (2.6) 
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Letting p = 2 and p = 3 in (2.6), we will obtain the values  of coeff icients  C 2 and C3, respec t ive ly ,  in 
both the second and the third equation of sys tem (2.5) accura te ly  down to the constant  a, whereupon the f i r s t  
three  equations of sys tem (2.5) will yield the values of the unknowns a,  C 0, and C,_: 

2u[3 - -  [2 Bi (1-]-Bi)-  [~2] (2.7) 
a 

~--Bi J~ (~) 

C 0 - ~  1 -~ - ~  -+- CI, (2.8) 

2~13/~ (~) 
C~ = [~ Bi ~- [2t~i (1 + Bi) - -  [F-] R ([~) ' (2.9) 

where 

R([~)~ - 2(1 +Bi )  Ja([ 3) 
[3 J2 ([~) (2.10) 

As is evident according to (2.4), the express ion  for  the thermal  flux f rom the surface  of a heat emi t -  
ting e lement  becomes  

qs(~) : = 2 - - - - 2  Z :x pCp COS pq). 

Consequently,  

Aqs 4u Z (2p _ l)C2p+~. 
p = 0  

The maximum skew of t empera tu re  around the rod p e r i m e t e r  is 

Using the equal i t ies  
p=O 

(2.ii) 

(2.12) 

J (2 ~- 1) J2p+l (~) = - T  ~' (2.13) 
p = 0  

+.+,+) 1 ' 

, , ~  = ~ .  (2.14) 
p=O 0 

where H0(/~ ) and HI(B) a re  Struve functions [2], we may rep lace  (2.11) and (2.12) by 

Aa_~ . . . . .  __~4 { C ' - - a  [ + ~ - J ~ ( ~ ) l } '  (2.15) 

9 

At~a x 4 I C, -~- a Jo (x) d x - -  J~ (~) . (2.16) 

0 

F or  the preceding  sara'pie with Bi max = 4 (which cor responds  to a heat  t r ans fe r  coeff icient  a max 
~ 150,000 W/m 2 �9 ~ and Bi min = 2, we have 

Aq ~'~x~ ~ 0.32; At~ "~x ~: 0.33. 

In o r de r  to conver t  to dimensional  values of the rma l  flux and t empera tu re ,  it is n e c e s s a r y  to br ing 
in the equal i t ies  

- -  2 

Q~ = q~o q~, T = q~176 t. 

We note that, let t ing C 3 = C 4 . . . . .  0 (approximate solution) in Eq. (2.5), we have 

16 l l  + 
Aam~x = Atm~x ~, 

(2.17) 
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which yie lds  

Aq~a x = Arena x ~ 0,35. 

r0 

k 
Bi 

t 
T 

qs 
Qs 
O and ~o 
0 

Jp  
Np 
H 0 and H 1 

N O T A T I O N  

is the radius  of a cyl iudr ica l  heat  emi t t ing  rod; 
is the t h e r m a l  conductivity of the rod m a t e r i a l ;  
is the coeff icient  of heat  t r a n s f e r  f r o m  the rod su r face  to the ambien t  medium;  
is the Blot  number ;  
is the mean  emi t t ed  t he rm a l  power  densi ty in a rod;  
is the d imens ion les s  t e m p e r a t u r e ;  
~s the actual  t e m p e r a t u r e ;  
is the d imens ion les s  t h e r m a l  flux densi ty  at  the rod  su r face ;  
is the ac tual  t he rm a l  flux densi ty  at  the rod su r face ;  
a r e  the po la r  coordina tes ;  
is the cosine t r a n s f o r m  of the t e m p e r a t u r e ;  
is the re la t ive  skew of the sec t ional  heat  genera t ion  prof i le ;  
is the cyl indr ica l  B e s s e l  function of the p - th  o rde r ;  
is  the cyl indr ica l  Neumann function of the p - th  o rde r ;  
a r e  Struve functions.  

io 

2. 
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